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Kolmogorov’s turbulence theory (1941)

Milestone of turbulence theory

Prandtl, Onsaget, von Weizsacket, Heisenberg A Voyage Through
Turbulence
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Cambridge Univ. Press 2011

Velocity and scalar increments g
U=u(x+r)—ulx) \ u
V=v(z+r)—v(x) S —

0 r
O =0(x+r)— 0(x)
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Two hypotheses and dimensional analysis

1. At large R and small r, turbulent field is locally
homogeneous and isotropic, and the probability
distribution of U and V are uniquely determined by

E finite as VYV — ()

£ v = n=E)"”’

Average energy  Viscosity Kolmogorov length

dISSIP3 lion rate the smallest scale

2. When n <<r, the probability distribution is
independent of the viscosity
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Inertial Range n<r<L

PDF  (en)?3PU,V,r) = P(U/(er)V/3,V/(er)1/3)

(Probability Density Function)

P+4q

Moment (UPVY)  rSpa, 3

Cp,q —

Normal scalin
<U2> _ C2€2/3r2/3 ormal scaling

E(k) = K&2/3k=5/3 Kolmogorov’s Spectrum

<U 3> __%, Kolmogorov’s 4/5 Law
0 (Onsager 1945)
(asymptotically exact)
r
Characteristic time T — e 1/3,2/3

T (@3
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DNS of HIT ( Homogeneous Isotropic Turbulence ) and passive scalar

Periodic boundary condition (homogeneity)

. 1 .
u(x,t) = Z u(k,t)e?’k'w, u(k,t) = 73 /3 u(:L',t)e_Zk'wd:c

a

L box

|k| SKmazn box Lboaz

(% + uk2) u(k,t) = M(k) : Z u(p, t)u(q,t) + f(k,t)
k=p+q

(% 4 ,,kz) O(k,t) =ik > u(p,t)0(q:t) + Folk, 1)
k=p+q

7
Mlmn(k) — 5 (kmljln(k) + knljlm(k)) ’
k:k -
P;j(k) = &;5 — %

Exact sol. of Poisson eq. for pressure
High accuracy
FEfficient use of computer resources in spatial resolution
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HIT DNS

1024

188%‘ — Ishihara, Gotoh, Kaneda Ann.Rev.Fluid Mech.(2010) 2 (JOT, 2005)
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Great wall in the universe

Sketch of Pleiades cluster

de Lapparent et al. (1986)
by Galileo (1610)

- http://www.nhk.or.jp/school/junior/yougo26.html#010

Galileo’s telescope (1610)

Subaru Telescope (1999)
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Normalized Energy Dissipation ’3 = €3L
urms
p<a(1+\/1+0/R?), a=02 b=
Doering and Foias (2002) Donzis et al. (2005)
2 | I I 1 | I |
Caoetal +
Yeung and Zhou  *~
Jimenez et al X 7
Wang et al(D) [
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Kaneda et al(s1) i
Yeung etal v (2011)

€ L/u3,ms

—

Doering h‘ Foias (2002)

0 1 1 1 ] 1
0 200 400 600 800 1000 1200 1400

Ry,




K olmogorov Spectrum
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Atomospheric data
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Energy budget in scale

Drp(r) = <U2> Drrr(r) = <U3>

. 4 dD
KHK equation  _ér = =Dprp + 60— + Zforee(r)
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4/5 law
10! 3 T 1
5 v I ]
10° £ 0.8
-1 - 'E-\
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3 i
- ] 6V(%'r)_1d£DLL —>. 02
44 ]
10—4 ; ,’/, | ‘ ‘...' 0 1 1 " 5 1 \
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r/n /m

(Gotoh et al. 2002)
* KHK equation is satisfied

*Slow approach to 4/5 law with increase of R,
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Intermittency deviation from Kolmogorov (K41) theory

Structure functions of velocity increments

2
—0.701 /772 dlog (U*)
7 U 8
dlogr
10 [ T T T ] 25 T
- e —
Riz284 o
R;=125 s 9
% .................... 13 |
A e
5 dl
0.5
0.1 : : : 0 ' —
1 10 100 1000 1 10 100 1000
/n /m

Kolmogorov (K41) <U2> x r2/3, 2/3 = 0.6667
DNS (Gotoh et al. 2002)
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PDF of longitudinal velocity increment

ou/Cs,

In Kolmogorov Theory
(er)?/BP(U,r) = P(U/(&r)'/3)

OsulP ou )

I decrease

107

n<r<L
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Intermittency

Statistical law changes with scale !

e What is the law of change of PDF with scale?
e« How are PDFs predicted from Navier Stokes eq.

e Does the universality exist? If so, where?

What is the statistics of passive scalar?
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Universality of passive scalar fluctuations at small scales
In homogeneous turbulence

Nagoya Inst. Tech.

T. Gotoh, T. Watanabe and Y. Suzuki

Acknowledegment  HPC, JHPCN, JSPS, KITP, NIFS, NUCC
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Kolmogorov theory for turbulence Vv
Obukhov-Corrsin theory for passive scalar
u
Velocity and scalar increments (o —
G r

U=u(x+r)—u(x)), V=v(x+r)—v(x)
O =0(x+r)—0(x)

Inertial Range n<<r<k<L Sc=1

PDE  (&r)23P(U,V,r) = P(U/(er)"/3, v/ (er)'/?)
x!/2E /02 5QU,0,r) = Q (U/(er) /2, 0/ (x1?e 101/

Moment
4_ Pt4q
3
(UPVY) o rira, <U > =~ Cp,g = 3
4
(@PUT) o réra, (UO?) = —2Xr, bpg = ’%

Scaling exponents are universal ....

Celani et al. (2000, 2001) ; Celani & Vergassola, (2001)
Arad et al. (2001) ; Biferale et al. (2004)...
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Is scalar scaling exponent universal ?

Object

to examine the scaling exponents ¢ qﬁ for different scalar injection

DNS of passive scalar turbulence

oy Tu VO =kV0+ fp

Velocity: Homogeneous Isotropic Steady
External force: isotropic, Gaussian, white in time, low k band 1< ‘k‘ <2

Scalar : Homogeneous Steady

scalar injction:
Case R : isotropic, Gaussian, white in time, low k band 1< ‘k‘ <2

Case G : uniform mean scalar gradient f, =-71,
Wide range, Anisotropic, Intermittent
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DNS parameters

Case R I=0 SCZV/KZJ.
Case G I=1 SC=V/K:1
Run G1 G2 G3 G4 R1
N3 256° 5123 10243 20483 20483
R, 174 263 468 586 638
w(x1073) | 1.3 060 024 0.13 0.13
Knaxi | 099 1.09 1.05 1.39 1.36

w'[LTg, | 27.1 562 397 229 2.75
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Spectrum (isotropic sector) Case G
101 F L T o AN S 101 : L i !
: K =1.61] -
~ 10° ? 7 § i 1 % 10° .?COC =0.7 |3
= i QLU i )f
S B
© 10T rin Gl —— E R 10 E Run Gl —— ;
run G2 —— Ron G
run G3 —— Run G3 ——
run G4 —— Run G4 ——
10_‘2 L TR | " Lo a gl ol 10_2 . o1 sl L Lo a gl L PSR |
107 1072 107! 10° 10 107 10" 10°
k7 k7
Isotropic sector Obukhov-Corrsin constant
———1/3},-5/3 _ _
E, (k)= Cocxée K Coc =0.42%x5/3 =0.7 (Case G W&G2007)
Coc =0.68£0.04  (Case R W&G 2004)
1D
Present Coc =042
Experiment  CZ2=0.45~0.55 Mydlarski & Warhart (1998)
Cie=04 Sreenivasan (1996)
DNS Coc =0.87 Wang et al. (1999) Ccl)g =0.4 Yeung etal. (2002)
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For R in the inertial convective or viscous convective range

/TSR%<5uj(Tat)(59(rat))2>dT = 47TR247rR2 fr:R <5uj(r,t)(59(r,t))2>%ds
- 41rR2<5uL(R,t)(59(R,t))2>Sp
_41rR3
= —4% 3

ur(R)

1
Spherical average  {(A)g, = W/_RA(r)ds ﬁ«
(sun(R,GOR,D)?) = xR A

3

4/3 law holds for the spherical average

Gotoh et al (JOT 2011)
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4/5 and 4/3 laws Case R (isotropic random source)
_{Ou,)?) _ 4
er 5

 (a)

riernn G2
rierr (G3
reert G

10° 10! 10° 10° 10°

I’/ﬁ r/ﬁ

du, = u(x + re,) — u(x) 00, =60(x +re,) — 0(x)

r 0

(k) =~z [ 5 (5 5 (0 (@80)) ) dr = x
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T=<T>+0=Iz+6

R = 468, Sc=1, N=1024 >
Gotoh and Watanabe (Physica D 2010)
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3D plot of y(r) G=1
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Scaling exponents of structure functions

In the inertial convective range T<<r<<L

SE(r) = ((Gu(r)) < v, Su(r) = (u(x+r) —u(@)) - r/r

Sg(’f‘) = ((5U(T))q> X rcg, (511,(7") = ('u,(;c -+ fr-) — u(a:)) . (I — ’I"T‘/T‘)
S0(r) = ((80(r)%) <11, 36(r) = 0(z + 1) — 0(a)

SEL(r) = ((5u(r)60(r)?)7) o rSa"
Local scaling exponent

dln Sg‘(r)
dlnr ’

¢o(r) = a=1L, T, 0, 6L
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Anisotropy Case G

Scalar injection statistics fo(x,t) = —Tus(x,t)

axisymmetric  reflection invariant  wide range intermittent

(fe(wa t)) =0

(fo(x +7,t) fo(x,t)) = I'*(uz(x + r,t)usz(x, t))
rdf(r)

2.2 _r
=1u (rzdr( f) 3 dr

Pa(cos )
I’

A

Scalar statistics

axisymmetric reflection invariant r
Saq(r,¢) = Zszq () Py (cos ¢)

= S“’)( )+ S (1) Py(cos ¢) + S (r) Py(cos &) - -

Isotropic sector
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Local scaling exponents 9=1,2,3,4,6,8,10 R,;=688 Sc=1
T T 5 T T

it

rm

Case R

5 ; ; 5
0
4 é/q . 4
3 3r
U
2+ 2t
1+ 1F
\
O L O N P | N P | N PR |
1 10 | 10 100 1000
r/n

Observation | Case G curves are lowest Crossover length

and tend to saturate L: increase with g

T, q: unchange



Local scaling exponents
Case R

1  g=2

%)

10 100 1000
rm
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R ;=688 Sc=1

Case G (isotropic sector)

Q%)

%)

2.5

2+

1.5 |

1t

05 f

0

q=4

10 100 1000
rm

10 100 1000
rm

Local scaling exponents in the inertial —convective range are not equal at high order !

Gotoh et al (JOT 2011)
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Summary
Small scale fluctuations

* Anisotropy in the scalar field in case G (uniform gradient)
Is weak and mostly from [=2 sector

* Intermittency in case G is stronger than in case R

Universality of scalar scaling exponents

1. There is no universality of the scaling exponents of high order
structure function

2. The Reynolds number is too low to observe the asymptotic scaling
exponents
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Eddy damping, Vertex correction, and Langevin modeling
for homogeneous isotropic turbulence

T. Gotoh (Nagoya Inst. of Tech.)

R. Rubinstein (NASA Langley)

W. Bos (CNRS,Lyon)

S. Hatanaka (Nagoya Inst. of Tech.)

Acknowledgement NIFS, NUCC
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log E(k) Subgrid scale

in steady state

~

Inertial range S ~€&

I

out

Energy
containing

range Dissipation range

&in

log k
k, =1/L k.=1/4 k=1/7

Energy input Filter Heat
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Navier-Stokes Eq.

(; + ukz) w(k,t) = M(k): >  u(p,t)u(q,t) = N(k,t)
k=p-+q
Filtering
u(k,t) = P(k)u(k,t) + (1 —P(k))ulk,t) P(k) = H(kc — |k])
= u<(k,t) +u”(k,t)

Equation of GS field

d |
(m A Vk:2> u<(k,t) = N<(k,t)+ S<(k,t)

N<(k,1) P(k) > M(k): uS(p,t)u~(q,t),

S<(k,t) = P(k)N(k,t) — N<(k,t) SGS contributions
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Statistical projection

S<(k,t) = Cy(k,t)u~(k,t) + Co(k, ) N<(k,t) + R<(k,t)

Correlated with u< and N= Uncorrelated part

Assumption

C, and C, are scalar functions of |k|

Kraichnan(1976)

Domaradzki et al. (1987)
N< Chasnov (1991)

Metais & Lesieur (1992)

o< Langford & Moser (1999,2004)
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Statistical projection

Eddy damping Vertex correction
S<(k‘s f) — Cl(ka t)u<(kﬂ t) + CZ(%}? i}j\f<(k, t) + R<(ka t)

Correlated with u< and N< Uncorrelated part

( (uS(k,t) - u<(=k,t)) (N<(k,t) u<(—k,t)) ) (Cl(k,t)) ( (S§<(k,t) - u<(—k,t)) )

w< (ko t) - N<(=k,t)) (N<(k,t)  N<(—k,1) Ca(kyt) |\ (S<(kt) - N<(=k, )
{ ) ) (

( Cq(k,t) ) ( K(k,t) —H(k,t) ) ( D(k,t) )
= J7 Yk, 1)

C2(ﬁkat) ""H(kat) Q(k:t) F(kat)

where

J(kot) - Q(k,t)K(k:,t) - H(kat)za Q(kat) - <u<(kat) ’ U<(—k’,t)>
H(k,t) = (N<(k,t) - u<(—k,t)), K(k,t) = (N<(k,t) - N<(—k,t))
D(k,t) = (S<(k,t) - u<(—k,t)), F(k,t) = (S<(k,t) - N<(—k,t))
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DNS of steady turbulence
N = 2048%, Ry =~ 690, ko =1, Tyo = 1.8Tqdys ke = 16,32, 64

Kinetic energy spectrum
L —
10° |
107 |
107° |
107 |
104 |
107 |

E(k,t)

107 |
o8 L R N
1 10 100 1000 10000

Kk




C,and C,

1

0

-1+
S
o

4+

-5+

-6 L I . L

0 0.2 0.4 0.6 0.8 7

Kk,

v.(K|k.) tends to constant as k/k, —> 0

C, term is very small (negligible vertex correction) 12} o
(but does not mean that <S<N<> is small ) B ] TR
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Ve(K[Ke)

k=16 —
0.7 1 k=32 —
k=64 '

vo(klk;)
o
EN

0 0.2 0.4 0.6 0.8 1

<SU>
<SN>

0.01 0.1 1
k/k,
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What is the statistics of the uncorrelated part?
(R<(k,t)) =0
(R<(k,t)R<(—k,s)) = F(k,(t — s)/7) 7 =7

PDF of R<(k,t) ?



Two time correlation in steady turbulence

10

<R(0)R()> / <R?(0)>

-0.2

10 100

1000

S
®

0.6 |
04

02+

s\é

———

TP (k) = (kug) ™

1 2 ‘ 3
(t — 5)/mF (k)

4

<R(0)R(t)> / <R%(0)>

<R(0)R(t)> / <R%(0)>
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N = 256%, Ry =~ 120, k.= 32

1.2

1

08t

0.6
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04t
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t— 8
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o et

1

2
(t —s)/m" (k)

3

) & w*1/2
(k) = (/ﬁ sz(p)dp)

4
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Langevin modeling of SGS contributions

Eddy damping + random force
S<(k,t) = Ci(k,t)u<(k,t)+ Co(k,t)N<(k,t) + R<(k,t)

~ Ci(k,t)u<(k,t) + R<(k,t)

Decorrelation time of the random force is given by Lagrangian time
(sweeping effects are not dominant)

Future problem

Is PDF of the random part Gaussian ?

What is the statistical correlation at two time ?

o+ 't
S<(k,t) = / Ci(k, t, s)u<(k,s)ds +] Cy(k,t,8)N<(k,s)ds + R<(k,t)
of 30 — %)
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