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* Astrophysical fluids

Coma cluster
Schuecker et al.: Probing Turbulence 5

Fig. 4. Detailed view of the projected pressure distribution of the central region of the Coma cluster. The 145 kpc scale
corresponds to the largest size of the turbulent eddies indicated by the pressure spectrum (Sect. 7). The smallest turbulent
eddies have scales of around 20 kpc. On smaller scales the number of photons used for the spectral analysis is too low for reliable
pressure measurements.

Fig. 5. Nested grids of temperature (left panel), pressure (middle panel), and entropy (right panel) measurements. Each map
covers an area of 69.3 × 69.3 arcmin2.

8 Schuecker et al.: Probing Turbulence

approximately with Monte Carlo simulations where the
gradients of n2 are computed with an isothermal β model
of the Coma cluster and a gas adiabatic equation of state.
The gradients are determined in the same way as the em-
pirical data and added to the adiabatic density fluctua-
tions. We found that large-scale gradients in the density
field broaden the scaling relation, but without introducing
a bias in the determination of γ. In fact, we have verified
this for different values of the adiabatic exponent γ.

The observed temperature and density maps are also
tested for possible correlations between T and n2 intro-
duced by the large-scale distribution of the ICM. The
radial profiles are obtained by averaging temperatures
and densities in concentric rings with a width of 50kpc.
Whereas n2 shows a significant decrease of 27± 2 percent
between the cluster center and 300kpc, the temperature
decreases by only 3±2 percent relative to the central value
of 7.34 ± 0.13keV. The observed temperature gradients
thus appear with the same size as the errors and can thus
be neglected as a possible second-order effect. Within this
approximation, no correlations between temperature and
density fluctuations are introduced by the global cluster
profile.

To conclude, Fig. 6 suggests a positive correlation be-
tween temperature and density gradients which is not re-
lated to the large-scale distribution of the ICM. The gradi-
ents occupy different regions than contact discontinuities
and strong shocks. The data are actually quite close to
the expected adiabatic case. In order to find out whether
or not such fluctuations are organized as in a turbulent
regime, we study in the following the statistics of the spa-
tial pressure fluctuations.

6. Power spectrum of spatial pressure fluctuations

The first step in our (standard) power spectrum analysis is
the determination of the global pressure profile P̄ (R) from
the observed 2-dimensional pressure map P (R), in order
to get the residual local pressure fluctuations, δP/P (R) =
P (R)/P̄ (R) − 1. The second step is the determination of
the Fourier power spectrum of δP/P (R), corrected for the
errors of the pressure measurements (shot-noise subtrac-
tion), and normalized to unit number of Fourier modes
and to unit area in K space. The resulting projected spec-
trum P2D(K) has the physical units kpc2. In the follow-
ing example, the pressure is measured in a regular grid of
32 × 32 cells, each with 20 × 20 arcsec2. This grid covers
the central core region of Coma up to 431 kpc and has the
fundamental mode K = 2π/λ = 0.0146 kpc−1. The results
obtained with the other three grids are given at the end
of this section.

The global pressure profile P̄ (R) is obtained from a
low-passband Fourier-filter applied to P (R) with a filter
scale of 150kpc, which leaves the global cluster profile
above this scale almost unchanged. To illustrate the effect
of the filter, we show in Fig. 7 the power spectrum (marked
‘P’) obtained from a direct Fourier-transformation of
P (R). On scales between 20 and 40 kpc, the spectrum has

Fig. 7. Projected power spectra of different angular pressure
distributions from the 20 × 20 arcsec2 grid. Lower thin con-
tinuous line: raw spectrum including shot-noise, substructure,
and cluster profile (P). Upper thin continuous line: spectrum
from the normalized pressure distribution (dP/P). Thick con-
tinuous line: spectrum of the global cluster pressure profile
as determined with the wavelet transform. Dashed horizontal
lines: shot-noise levels computed from measured pressure er-
rors. Dashed vertical lines: characteristic scales.

a flat plateau-like distribution which is determined by the
temperature and density errors (shot-noise, see below).
Between 40 and 125kpc the spectrum increases signifi-
cantly above the shot-noise level. This is the spectrum of
the substructures seen in Figs. 3 to 5. Beyond 125–150kpc,
the spectrum abruptly increases due to the global pressure
profile of the Coma cluster.

A similar increase is also seen in the spectrum marked
‘Wavelet’ which is obtained alternatively from a wavelet-
filtered pressure map. For the wavelet decomposition we
used the algorithm of Vikhlinin et al. (1998) and com-
puted the spectrum from the wavelet reconstruction of the
30×30 arcsec2 map with the lowest angular resolution. The
wavelet algorithm performs a self-adjusting noise suppres-
sion so that almost no significant shot-noise occurs in the
spectrum of the global pressure profile. The 20×20 arcsec2

grid does not cover the complete cluster area and is thus
not optimal for the proper sampling of the global cluster
profile. Therefore, the similarity of the ‘P’ and ‘Wavelet’
spectra is not very good on large scales. However, grids
with larger bin sizes cover larger scales and give a very
good agreement with the ‘Wavelet’ profile (see below). For
the following analyses we thus use the Fourier low-pass fil-
ter with a filter scale of 150kpc to determine P̄ (R) for all
four grids.

The histogram of the resulting δP/P (R) is shown in
Fig. 8. Their distribution appears quite consistent with a
Gaussian random field (KS-probability of 90%) with zero
mean and a standard deviation of 15 percent (including
shot-noise) on a pixel scale of 13.5 kpc. The δP/P (R) field
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* Astrophysical fluids
    - Magnetized & Turbulent 
      (e.g Interstellar medium, intracluster medium, solar winds ..)
     ⇒ Numerical simulation of driven MHD turbulence

* Energy cascade of turbulence
     → Energy injection (driving) is required !
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Galaxy wakes

AGN jets

Mergers

Supernovae

HII region 
    expansion

Protostellar 
outflows

* Variety of driving mechanisms on various scales
    - Interstellar medium  :  few pc ~ hundreds of pc
    - Intracluster medium :  tens of kpc ~ hundreds of kpc

Intracluster+medium+

Interstellar)medium)

Intracluster)medium)* Simultaneous effects
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* Incompressible/compressible MHD turbulence simulations
 - Pseudo-spectral code for incompressible MHD simulations
 - Essentially Non-Oscillatory scheme for isothermal compressible 
   MHD simulations
 - Resolution : 2563 grids
 - Average velocity ~ O(1)
 - External magnetic field B0=0.001(weak) or 1.0 (strong) 
   (in the same unit as the Alfven speed)

* Forcing
 - Solenoidal forcing (divergence-free)
 - Driven at two ranges in Fourier space
 - large-scale random forcing in 2<k<√12
 - small-scale random forcing in 15<k<26

Numerical method
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
l

tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
v

3
L

lL
=

v

3
S

lS
(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .

v

0

S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),

vL

vS
=

✓
✏L

✏S

◆ 1
3
✓
lL

lS

◆ 1
3

=

✓
✏L

✏S

◆ 1
3
✓
kS

kL

◆ 1
3

(7)

With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).

vL

vS
⇡

p
kLE(kL)p
kSE(kS)

=

✓
✏L

✏S

◆ 1
3
✓
kS

kL

◆ 1
3

(8)

Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .

E(kL)

E(kS)
=

✓
✏L

✏S

◆ 2
3
✓
kS

kL

◆ 5
3

(9)

Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)

E(kS)
= 32

✓
✏L

✏S

◆ 2
3

(10)

These expectations will be discussed with results of
simulation models in section 4 and 5.
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Then, we can arrange equation by relation between
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
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pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.
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and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION
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4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k
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forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
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(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
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inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
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where, v
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Then, we can arrange equation by relation between
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ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,
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is shown in section 3. Then, results on time evolution,
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are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
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is a random forcing term. The magnetic field is con-
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tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k
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in Fourier space. The peak of energy injections are at
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scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
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pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION
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large-scale and small-scale. According to Kolmogorov’s
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
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ergy injection at large-scale as below (Subscripts L and
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field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
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ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
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scale of an eddy and vl is velocity of the eddy at the
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is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
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tcas
=
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l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v
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(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .
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Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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With an approximation v ⇡
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kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
v

3
L

lL
=

v

3
S

lS
(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
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(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .
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Therefore, we expect that it should be ✏S > ✏L.
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With an approximation v ⇡
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kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .

E(kL)

E(kS)
=

✓
✏L

✏S

◆ 2
3
✓
kS

kL

◆ 5
3

(9)

Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
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tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v
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(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .
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S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

v = (✏l)
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3 (7)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v
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tcas
=
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3
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l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .
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1
3
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1
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v = (✏l)
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Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:
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+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
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=
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v
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(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .

v

0

S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

v = (✏l)
1
3 (7)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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=

✓
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✓
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With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
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tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
v

3
L
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=
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S

lS
(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .

v

0

S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

v = (✏l)
1
3 (7)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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=

✓
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With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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✓
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)

E(kS)
= 32

✓
✏L

✏S
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(11)

These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
l

tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
v

3
L

lL
=

v

3
S

lS
(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .

v

0

S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

v = (✏l)
1
3 (7)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),

vL

vS
=

✓
✏L

✏S

◆ 1
3
✓
lL

lS

◆ 1
3

=

✓
✏L
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(8)

With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).

vL

vS
⇡
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kLE(kL)p
kSE(kS)

=

✓
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✏S

◆ 1
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✓
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .

E(kL)
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✓
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✓
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)

E(kS)
= 32

✓
✏L
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(11)

These expectations will be discussed with results of
simulation models in section 4 and 5.
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εL / εS ≥ 0.0056
In our cases, 
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
l

tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
v

3
L

lL
=

v

3
S

lS
(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .

v

0

S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

v = (✏l)
1
3 (7)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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=

✓
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✓
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✓
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With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,
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E(kS)
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(11)

These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:
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with r·v=r·B=0 and P
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2/2. Here, v is veloc-
ity, B is magnetic field devided by
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the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k
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forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
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of forcing in large and small scales are organized in Ta-
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(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,
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where, v
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S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
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S should be larger than vS .
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v = (✏l)
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Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy
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From the Equation (6),

vL

vS
=

✓
✏L

✏S

◆ 1
3
✓
lL

lS

◆ 1
3

=

✓
✏L

✏S

◆ 1
3
✓
kS

kL

◆ 1
3

(8)
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
l

tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
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3
L

lL
=

v

3
S

lS
(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .

v

0

S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

v = (✏l)
1
3 (7)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .

E(kL)

E(kS)
=

✓
✏L
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3
✓
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3

(10)

Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)

E(kS)
= 32

✓
✏L

✏S

◆ 2
3

(11)

These expectations will be discussed with results of
simulation models in section 4 and 5.

Rε = εL/εS
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Figure 2. Incompressible MHD turbulence simulations with a weak mean magnetic field. Panels in the left column are for ϵL/ϵS < 1 and those in the right column
are for ϵL/ϵS ! 1. Top panels: time evolution of the kinetic and magnetic energy densities. Middle panels: kinetic energy spectra at t ∼ 66. Bottom panels: magnetic
energy spectra at t ∼ 66.
(A color version of this figure is available in the online journal.)
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
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tcas
=
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3
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l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
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=
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(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
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lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .
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S > vS ! (✏SlS)
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3
> (✏LlS)
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3 (6)

v = (✏l)
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Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),
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=
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With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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⇡
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kLE(kL)p
kSE(kS)

=
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)
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(11)

These expectations will be discussed with results of
simulation models in section 4 and 5.
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Figure 10. Magnetic energy spectra for strongly-magnetized tur-
bulence simulations.

Figure 11. Point by point comparison between ratio of energy
injection rates in large-scale to small-scale and ratio of peak ki-
netic and magnetic energy in large-scale to those in small-scale
for strongly-magnetized turbulences with fixed small-scale driving.
Red starlike symbol : kinetic energy, Blue plus symbol : magnetic
energy. The black solid line indicates Eq. (10).

netic fields. No matter what the strength of magnetic
field is, slopes of density spectra vary depending on en-
ergy injection rate in large-scale. As we have shown,
energy injection in two di↵erent scales a↵ect not only on
kinetic and magnetic spectra but also on density spec-
trum.

7. DISCUSSION

We performed numerical simulations of incompress-
ible/compressible turbulence driven by energy containing
in both of single and double energy injection ranges.
Turbulence models permeated by weak magnetic field

can be corresponded with ICM turbulence. According
to results in section 4.2, assume that there is small-scale
energy injection mechanism such like the active galactic
nucleus (AGN) jet with large amounts of contribution.
If there is a large-scale energy injection mechanism like
the large-scale structure formation even if its contribu-
tion is much smaller than AGN jet, we can expect that
it is possible to observe two peaks in kinetic energy spec-
trum. For strongly-magnetized turbulence, it is able to
be applied to galactic turbulence or solar winds which
are believed to have strong mean magnetic fields. Espe-
cially, in galactic turbulence, supernova explosion can be
a dominant driving mechanism in small-scale and magne-
torotational instability can a↵ect on fluid as a large-scale
driving mechanism. As Mac Low (2002) examined that
energy injection rate for supernova in ISM is larger than
that for magnetorotational instability by three orders of
magnitudes.

8. CONCLUSION AND SUMMARY
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
l

tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .
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S > vS ! (✏SlS)
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3
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3 (6)

v = (✏l)
1
3 (7)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),

vL

vS
=

✓
✏L

✏S

◆ 1
3
✓
lL

lS

◆ 1
3

=

✓
✏L

✏S

◆ 1
3
✓
kS

kL

◆ 1
3

(8)

With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.
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odic box of size 2⇡:
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ity, B is magnetic field devided by
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the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k
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12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
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=
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= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
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in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION
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odic box of size 2⇡:
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ity, B is magnetic field devided by
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4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k
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12 and 100 small scale

forcing components with 15 k 26 which were added
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k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
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of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
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box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.
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where, tcas is the eddy turn-over time, l is the length
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is shown in section 3. Then, results on time evolution,
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pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
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same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
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and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION
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We considered both of energy injection rates from
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theory( ), energy injection rate ✏ is
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
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where, v
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injection at scale of lS . In order to have a rise in small-
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Therefore, we expect that it should be ✏S > ✏L.
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Then, we can arrange equation by relation between
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used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.
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is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
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and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
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free) of velocity is performed. We used 22 large scale
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(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.
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scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
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ergy injection at large-scale as below (Subscripts L and
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used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
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are described in section 4 and 5. Density spectra for com-
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forcing components with 15 k 26 which were added
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ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is
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where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).
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where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
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S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v
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S should be larger than vS .
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Therefore, we expect that it should be ✏S > ✏L.
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From the Equation (6),
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With an approximation v ⇡
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Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .
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Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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Figure 10. Magnetic energy spectra for strongly-magnetized tur-
bulence simulations.

Figure 11. Point by point comparison between ratio of energy
injection rates in large-scale to small-scale and ratio of peak ki-
netic and magnetic energy in large-scale to those in small-scale
for strongly-magnetized turbulences with fixed small-scale driving.
Red starlike symbol : kinetic energy, Blue plus symbol : magnetic
energy. The black solid line indicates Eq. (10).

netic fields. No matter what the strength of magnetic
field is, slopes of density spectra vary depending on en-
ergy injection rate in large-scale. As we have shown,
energy injection in two di↵erent scales a↵ect not only on
kinetic and magnetic spectra but also on density spec-
trum.

7. DISCUSSION

We performed numerical simulations of incompress-
ible/compressible turbulence driven by energy containing
in both of single and double energy injection ranges.
Turbulence models permeated by weak magnetic field

can be corresponded with ICM turbulence. According
to results in section 4.2, assume that there is small-scale
energy injection mechanism such like the active galactic
nucleus (AGN) jet with large amounts of contribution.
If there is a large-scale energy injection mechanism like
the large-scale structure formation even if its contribu-
tion is much smaller than AGN jet, we can expect that
it is possible to observe two peaks in kinetic energy spec-
trum. For strongly-magnetized turbulence, it is able to
be applied to galactic turbulence or solar winds which
are believed to have strong mean magnetic fields. Espe-
cially, in galactic turbulence, supernova explosion can be
a dominant driving mechanism in small-scale and magne-
torotational instability can a↵ect on fluid as a large-scale
driving mechanism. As Mac Low (2002) examined that
energy injection rate for supernova in ISM is larger than
that for magnetorotational instability by three orders of
magnitudes.

8. CONCLUSION AND SUMMARY
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* Kinetic and magnetic energy spectrum

Rε = εL/εS

Result - Compressible MHD w/ strong B0
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 * Density spectrum

Rε = εL/εS

Result - Compressible MHD w/ strong B0
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* Observational implication

- velocity centroids

- column density

- rotation measure

* Observable quantities

Result - Compressible MHD w/ strong B0

19



Faster-than-linear divergence

Random walk

Large-scale driving

Small-scale driving

 Field-line divergence by 
 large-scale driving dominant
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≥ 1 εL
εS

≥
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lL

⎛
⎝⎜

⎞
⎠⎟

5 /2

lL

lS

εL

εS

* Magnetic field-line divergence

εL / εS ≥ 0.006
In our cases, 
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Large-scale driving

Small-scale driving

Turbulence diffusion by
large-scale motion will dominate
when

                          

εL
εS

≥
lS
lL

⎛
⎝⎜

⎞
⎠⎟
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lL

lS

εL
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* Turbulence diffusion
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large-scale

large-scale

small-scale

Large-scale driving

Small-scale driving Provide turbulence diffusion
& Destroy large-scale 

magnetic energy density

Stretch large-scale magnetic field
(Amplify magnetic energy density)

Stretch small-scale magnetic field

lL

lS

εL

εS

* Turbulence dynamo
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Large-scale driving

Small-scale driving

~ CυLbL
2 / lL

~ (lSυS )bL
2 / lL

2

υL

υS

≥
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C−1

large-scale magnetic field density will grow
   
   if                     or   εL
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≥

lS
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⎛
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⎞
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C−3

magnetic energy density amplification rate
by large-scale driving 

destroy rate of large-scale magnetic
energy density by small-scale driving

lL

lS

εL

εS

* Turbulence dynamo

C : a small number

εL / εS ≥ 0.0002C
−3

In our cases, 
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* Astrophysical turbulence have many kinds of driving mechanisms on various scales
* We perform incompressible/compressible MHD turbulence simulation with 
  two-scale driving
* We derived analytically expected relation assuming that there are two peaks 
   in spectrum. 
* In small-scale driving dominant system, we are able to distinguish peaks in 
   large- and small-scale, even      is much smaller than     .
* Two-scale driving affect several physical properties such as magnetic field-line 
  divergence, turbulence diffusion, turbulence dynamo.

(Yoo & Cho  2014,  ApJ, 178,99 in detail)

2 Yoo et al.

examined and their statistical properties were compared
in this work.
The outline of this study is as follows : We start by ex-

plaining numerical method, initial conditions and forcing
used for this study in section 2. Theoritical expectation
is shown in section 3. Then, results on time evolution,
kinetic and magnetic energy spectra for diverse models
are described in section 4 and 5. Density spectra for com-
pressible turbulence models are also provided in section
6. We discuss about astrophysical application in section
7 and conclude in section 8 with summary.

2. NUMERICAL METHOD AND INITIAL CONDITION

We solve the incompessible MHD equations in a peri-
odic box of size 2⇡:

@v/@t = (r⇥ v)⇥ v � (r⇥B)⇥B

+⌫r2v + f +rP

0
, (1)

@B/@t = r⇥ (v ⇥B) + ⌘r2B (2)

with r·v=r·B=0 and P

0=P+v

2/2. Here, v is veloc-
ity, B is magnetic field devided by

p
4⇡⇢ (same unit as

the Alfven velocity), ⌫ is viscosity, P is pressure and f
is a random forcing term. The magnetic field is con-
sisted of the uniform background field B0 and fluctua-
tion b. In this work, only solenoidal part (divergence-
free) of velocity is performed. We used 22 large scale
forcing components with 2 k

p
12 and 100 small scale

forcing components with 15 k 26 which were added
in Fourier space. The peak of energy injections are at
k ⇠ 2.5 in large scale (⌘ kL) and at k ⇠ 20 in small
scale (⇠ kS). The number of forcing components was
same for all simulations. In this work, we performed
di↵erent models by adjusting amplitude of forcing. En-
ergy injection rates ✏ (= f ·v) depending on amplitudes
of forcing in large and small scales are organized in Ta-
ble 1 to 3. Model names are written in tables and each
of graphs with ‘a Lb Sc’ notation which gives informa-
tion of forcing mode; where a is selected among ‘IW’
(Incompressible and Weakly-magnetized), ‘IS’ (Incom-
pressible and Strongly-magnetized), ‘CW’ (Compressible
and Weakly-magnetized) and ‘CS’ (Compressible and
Stronly-magnetized), b refers to amplitude in large scale
and c refers to amplitude in small scale. Turbulence mod-
els were formed on a spatial grid of 2563 zones. The cubic
box of size L was permeated with an uniform magnetic
field B=B0x̂. The mean magnetic field B0 is vary from 0
(for weakly-magnetized model) to 1(strongly-magnetized
model). There is only large-scale velocity at the begin-
ning of simulation. The systems were idealized by omit-
ting the self-gravity, cooling e↵ect and radiative energy
transfer to concentrate on comparing statistical proper-
ties of di↵erent forcing modes.

3. THEORETICAL EXPECTATION

3.1. Energy injection rate

We considered both of energy injection rates from
large-scale and small-scale. According to Kolmogorov’s
theory( ), energy injection rate ✏ is

✏ =
v

2
l

tcas
=

v

3
l

l

= constant (3)

where, tcas is the eddy turn-over time, l is the length
scale of an eddy and vl is velocity of the eddy at the
scale. Due to constancy of energy injection rate through
inertial range, we are able to describe energy injection
rates at large-scale lL and small-scale lS induced by en-
ergy injection at large-scale as below (Subscripts L and
S indicate large-scale and small-scale).

✏L =
v

3
L

lL
=

v

3
S

lS
(4)

where, vL and vS are velocities at large- and small-
scale driven by energy injection at scale of lL. If there
is an additional energy injection in small-scale, energy
injection rate at small-scale is,

✏S =
v

03
S

lS
(5)

where, v
0

S is velocity at small-scale driven by energy
injection at scale of lS . In order to have a rise in small-
scale, v

0

S should be larger than vS .

v

0

S > vS ! (✏SlS)
1
3
> (✏LlS)

1
3 (6)

Therefore, we expect that it should be ✏S > ✏L.

3.2. Correlation between peak energies and energy

injection rates

From the Equation (6),

vL

vS
=

✓
✏L

✏S

◆ 1
3
✓
lL

lS

◆ 1
3

=

✓
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◆ 1
3
✓
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kL
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(7)

With an approximation v ⇡
p

kE(k), (where, E(k) is
energy at wavenumber k).

vL

vS
⇡

p
kLE(kL)p
kSE(kS)

=

✓
✏L

✏S

◆ 1
3
✓
kS

kL

◆ 1
3

(8)

Then, we can arrange equation by relation between
ratio of peak energies in large-scale E(kL) to peak energy
in small-scale E(kS) and ratio of energy injection rate in
large-scale ✏L to energy injection rate in small-scale ✏S .

E(kL)

E(kS)
=

✓
✏L

✏S

◆ 2
3
✓
kS

kL

◆ 5
3

(9)

Here, kL and kS are wavenumbers at center of forcing
ranges in large- and small-scale, respectively. We deter-
mined them to kL ⇠ 2.5 and kS ⇠ 20. Therefore,

E(kL)

E(kS)
= 32

✓
✏L

✏S

◆ 2
3

(10)

These expectations will be discussed with results of
simulation models in section 4 and 5.
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These expectations will be discussed with results of
simulation models in section 4 and 5.
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* We are currently performing data sets for investigating effect of two scale driving    
   in the system with high Mach number (Ms = v/cS  ≳ 1)



Thank you :)
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